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A procedure is developed which renders the simultaneous description of angular and energy 
relaxation of wall electrons in a plasma possible. The plasma is assumed to be field free, allowance 
is made for elastic and inelastic collisions with neutrals, as well as for electron-electron encounters. 
The procedure is based on an expansion in terms of the eigenfunctions of a suitable part of the 
kinetic equation. In the zeroth order, the problem is reduced to a boundary value problem of the 
Sturm type, and subsequent solution of a singular integral equation by standard technique. To 
account for the rest of the kinetic equation, we construct a Green's function which forms the basis 
for an iteration process. The application of the procedure is illustrated with an example. 

Introduction 

The problem of relaxation of electrons emitted 
from a wall into a plasma is of interest in the field 
of gaseous electronics (e. g. thermionic devices, 
electrode phenomena) as well as in fusion techno-
logy. The reason is that the distribution function 
of the electrons and its relaxation from the wall into 
the plasma influences the composition of the plasma 
e. g. via the exciting and ionizing collisions of the 
electrons. 

Previous investigations2 are restricted to the 
consideration of the energy relaxation. They neglect 
that region in front of the wall where angular re-
laxation occurs without essential change in the 
energy distribution. This procedure effectively sub-
divides the total relaxation process into two model 
regions and, as a consequence, inevitably introduces 
the uncertainties connected with the transition region 
between these model regions. In addition, it does 
not provide information about the angular relaxa-
tion. 

In contrast, the present investigation aims to 
describe simultaneously the angular and energy 
relaxation, avoiding the above drawbacks. It may 
be anticipated that this task is not an easy one due 
to the fact that, in general, the angular distribution 
of the wall electrons is completely rearranged with-
in a distance of a few mean free paths from the 
wall. This feature is reflected mathematically in the 
appearance of singular integral equations. Particular 
difficulties can also be expected from the inclusion 
of inelastic collisions and of the interaction of the 
wall electrons with the plasma electrons, since the 
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angular and energy relaxation occur on the same 
scale. 

Therefore it cannot be expected to provide in this 
paper the final solution of the full problem in the 
whole range. Our aim will be to develop a principal 
procedure suitable to deal with the problem in 
general. The ability of the method will be demon-
strated with instructive examples. Further develop-
ment and application of this method is in progress. 

The System 

The model which we will study in this paper is 
characterized by the following assumptions: 

We consider a one dimensional device with a 
planar wall in contact with a plasma. In a distance 
L of many mean free paths from this wall a second 
boundary condition is prescribed either by the un-
disturbed properties of the plasma or by the pro-
perties of a second wall. 

Our plasma is stationary. 
The degree of ionization of the plasma is limited 

by the requirement that electron-electron collisions 
may be neglected as far as angular deflection is 
concerned but not far as energy exchange is con-
cerned. This of course implies that electron-ion col-
lisions may be neglected altogether. 

In our analysis, field effects are presently ne-
glected. This means in general that the Debye length 
of the system should be small compared with the 
mean free path of the electrons emitted from the 
wall. 

We assume that the state of the plasma into which 
the wall electrons relax is known. Trivially this is 
justified if the effect of the wall electrons is so 
small as not to affect the actual plasma state. In 
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general, of course, a simultaneous solution of the 
relaxation process of the electrons and the plasma 
state is required. 

Formulation of the Problem 

The electron distribution function in the sta-
tionary and field-free-case is calculated from the 
kinetic equation of the electrons 

1 = ( I ) + M/ 
3z \dt /el \ dt + ' &t )ee" 

(1) 

Here, z designates the space-coordinate of the one 
dimensional problem, v the absolute value of the 
velocity and [x the cosine of the angle of the velocity 
with the z-axis. 

The elastic interaction of the electrons with the 
neutral gas [(df/dt)ej] is described by the Boltz-
mann collision term in the "Lorentz approxima-
tion" 3 

el v m 

h T 0 3 / 
dv m v 

-n0v2 qMjl{z,v)Pi(n) 
1 = l 

with the abbreviations 
l 

fl{z,v) = f(z,v,p)Pi(p)dp 

and 
- l 

( 2 ) 

(3) 

(4) qi(v)=2nf[l-Pl (cos 9) ] a (v, 0) sin 6 d Q . 
Here, the symbols have the following meaning: 
n0 — neutral particle number density, o — dif-
ferential cross-section, 0 — deflection angle in the 
velocity space, T0 — temperature of the neutral 
gas, k — Boltzmann's constant, m/m0 — mass ratio 
of electrons and neutral particles, Pi — Legendre 
polynomials. 

The inelastic collision contribution [ (df/dt) ;n] 
neutrals is also described in the Lorentz approxima-
tion. The corresponding relation reads 

- - Qij (Vij) /° (z, Vij) - V Qij (v) f (z, V, ju) 

I 9i H Tlj 
9i 

V Qij (V) /° (Z, Vji) - — Qij (v^) / (z, V, fl) 
V 

(5) 

with 

v2 + (£j - et) . (5 a) 

parison with that by neutrals. We therefore start 
with the simplified Fokker-Planck collision term 3 

The sum in Eq. (5) is extended over all atomic 
states i, j with excitation energies £,-, and statisti-
cal weigths gi, g j . rii designates the number density 
of particles in the i-th state. 

In this collision term we assumed isotropic scat-
tering described by the cross section Qij{v) for the 
transition i—>j. Further simplifications are possible 
in special cases *. 

Formulating the contributions of the electron-elec-
tron encounters [(df/dt)ee] we recall that we are 
dealing with moderately ionized systems and may 
neglect angular scattering by electrons in com-

, * For the most part the first and the last term in Eq. (5) 
(particle gain due to first kind and particle loss due to 
second kind inelastic collisions) can be omitted. More-
over, it is frequently possible to apply one or another of 
the following simplifications: 1. Restriction to i=0, 
2. reduction of the level scheme to one effective level, 
and, 3. neglect of de-exciting collisions [second line of 
Equation (5) ] . 

A v ^ + B f 
dv (6) 

df_\ _ 4 7rnee4 j ^ 1 3 
Öt /ee TU2 V2 3u 

with the scattering coefficients 

4 71 f 1 v 00 ) 
A{z,v) = o " — fu*f°(z,u)du + vfuf°(z,u)du\ 

6 ne [v o v I 
(6 a) 

and 

B(z,v) = ^-fu2f°(z,u)du. (6 b) 
n e o 

Equation (6) describes the energy exchange due to 
electron-electron collisions. In A designates the 
Coulomb logarithm and ne the electron density. 

Solution Method 

Equation (1) is a nonlinear integro-differential 
equation which, of course, is in general not open 
to a closed analytic solution. Consequently, we aim 
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to introduce a procedure which yields an approxi-
mate solution, and simultaneously provides the basis 
for an iteration process. 

To prepare this procedure we use a suitable split-
up of the collision term into two parts, S0 and Si , 
and write 

-S0(v;f)=Sl(z,v,fi;f) , (7) 
n0 q oz 

where q is the velocity independent average value of 
the momentum transfer cross section q1 (r ) . The 
subdivision is chosen such that S0 is linear in / and 
does not depend explicitely on the space and angular 
coordinates z, ju. Further, we require that Eq. (7) 
with the r.h.s. zero can be solved by separation 
technique. All remaining freedom in the split up is 
utilized to represent all contributions to the col-
lision term as good as possible by S0 only. 

To account for the r.h.s. of Eq. (7) we develop 
an iteration procedure where St (z, v, ju; / ) is con-
sidered as known from the preceding step. To this 
end we will construct the Green's function of the 
l.h.s. of Equation (7). 

Along the lines given above, we deal with the 
various contributions to the collision integral as 
follows: 

To define the part S0el for the elastic contribution 
to the collision integral we first consider the neutral 
gas temperature T0 as constant. Moreover we have 
to remove the explicite /^-dependence in Equation 
(2). Rewriting the second term on the r.h.s. in the 
form 

» 0 H / - / 0 + \ q 

we find it obvious to chose 
1 3 

V ( / ) = q V dv — qtv*\f + 

1 f l P M 

kT0 3/ 
m v dv 

(8) 

(9) 

The best choice of the inelastic contribution S0in 

depends on the special problem under investigation. 
Without specifying the details we may write 

S0iD(f) = -[Q(v)/q]f (10) 

which represents the second term on the r.h.s. of 
Eq. (5) if we take 

Q(v)= I K-/n0) Qaiv) . (10 a) 
i<i 

Formulating the contribution of the electron-electron 
collisions S0ee we have to remove the nonlinearity 

and the space dependence in accordance with the 
mathematical restrictions given above. We there-
fore start in this zeroth approximation with a con-
stant electron temperature Te and a constant degree 
of ionization a = ne/n0, and calculate the coefficients 
A and B in Eqs. (6 a, b) from the Maxwellian 
distribution corresponding to Te and ne . This yields 

V W - ^ r r [ C M q v6 av \ mv dv (11) 

with the coefficient 

C(v) = 
4 n a e4 

In A \ erf Or) - RVS 

ym v2 
( 1 1 a ) 

We can now collect the contributions (9), (10), 
(11), and write down the complete term S0 . Using 
the transformation 

y 

V 

- f 
(m/m0) qx{v) +Cv~ 

(m/m0) (v) + {Te/T0) Cv 4 k T0 
du; 

F(z,y,ju)=eyf(z,v,ju) (12) 

to bring the differential part of the operator into 
the self-adjoint form, we obtain 

f ev 3 / 3 F 
3 y 

with 

and 

giy) = 

- < L f _ f + 1 / V d / / ) 
q -1 J 

P (y) = (mfmo) q1{v)vi + c | v = v (y) 

(13) 

(13 a) 

1 + 
(Te-T0)C 

ToP(y) 

kT0 qvHy). (13 b) 

Solution by Separation 

To prepare the solution by separation we intro-
duce the dimensionless space variable 

= qfn0(z) dz 
0 

(14) 

and rewrite Eq. (7) with Si = 0 and Eq. (13) in the 
form 

3 F _ ey 

3 5 giy) ^y 
p(y)e y 

3 1 
3 y 

q - 1 
(15) 
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Using the ansatz 

Fvx{s,y,ju) =uvx(s)<pvx(/x) xpxiy) (16) 

with the separation parameters X and v, we find 
(1+X)s uvx (s) = exp 

d^ 

dy 
pe dipx 

d y 
+ ge~y x-S-

(17) 

Vi = 0 , (18) 

{v-/j) <px{[x) = 2(1+X) _i 
f<pvx(ju)dju. (19) 

Equation (18) together with the boundary condition 
that y.'x is square-integrable with the weight function 
g(y)e~y presents an eigenvalue problem of the 
Sturm type and has a complete system of ortho-
gonal eigenfunctions {v^n} with discrete eigenvalues 

The theory of distributions shows 4 that the general 
solution of Eq. (19) is 

9 n \ n + ( > i { y ) * ( r - M ) (20) 

2{L+A) v — fi 
if we prescribe the normalization 

f<pvl([i) <1^ = 1 
- l 

(20 a) 

For any value of v in the range [ — 1, 1] this nor-
malization can be satisfied if we use 

log 1 +v 

1 - v ' 
(21) 

2 ( 1 + 1 ) 

That means here we have a continuous spectrum of 
eigenvalues and eigenfunctions. 

In the range —1,1], however, Eq. (20) 
together with (20 a) yields the dispersion relation 

Ax(v) = l -
V V + 1 

rT 7 i = 0 » ( 2 2 ) 2 ( 1 + / ) v-1 

which prescribes a discrete set of two eigenvalues 
+ vx and — vx for any value 0. The correspond-
ing separation solutions read 

Fivx (s, y,s*) = Wdy) = : 2(1+X) (vx + Ju) 
a > 0 ) . (23 a) 

In the limit X —> + 0 we have —const and 
vx —From the linear combinations ± 
we find in this limit two solutions 

0°+{s,ju) = 1; &?(s,p)=s-fi (23 b) 

representing the quasi-equilibrium j = e~y and con-
stant diffusion /° = s e~y, fl = e~y of the electrons. 

Expansion in Terms of the Eigenfunctions 

Case and Zweifel5 have shown that the continuous spectrum together with the discrete one forms a 
complete set of eigenfunctions. We can therefore perform an expansion of our distribution function in 
terms of the eigensolutions: 

F(s,y,ju) = 2 [A* +Ai «Pi + Z V ^ f / O exp { — (1 +X)s/v} dv] Wx(y) . (24) 
X e {*,} -1 

The coefficients^f , a*, of course, must be determined from the boundary conditions of our problem. 
We will assume that the half distribution functions / ( s_ ,y , yw>0) and f(s + ,y,ju<0) are prescribed at 
the positions s _ ands+ respectively** (s+ — s_ ^ 1). In the case s+ = oo, the second boundary condition 
is not needed. 

Utilizing the orthogonality of the functions , the above boundary conditions produce from Eq. (24) 
two singular integral equations for the spectral functions axv and aiv (v 0) 

* Strictly speaking, particle conservation requires that the 
smallest eigenvalue A0 be zero. With ( ?>0 , however, we 
find A 0>0. This reflects the fact that we have neglected 
inelastic particle gain in S0 . 

** In the case of completely absorbing or diffusely reflecting 
walls these half distributions are directly prescribed by the 
physical boundary conditions. For more general reflection 
mechanisms, of course, the half distributions f{s+, y, 
/ u ^ O ) are affected by the unknown distribution func-
tions f(s+, y, —fJi) which have to be evaluated from the 
analysis. In these cases, consequently, an iteration proce-
dure must be applied. 
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1 
_ 1 C v _ ai,oa ( ,u)exp{ + (l+X)sJju} + / ? exp{ + (1 +X)sJv) aidv = hi (25) 

(.1 + A) J V — {X 
0 

where we have used the abbreviation 

hi = J F(s± , ± fx) y>x (y) g(y)e~ydy -Ai$x+(sT,±ju)-A* & (s„±ju)~ 

- f<pi, (ju) e x p { ± (l+X)s/v) <4 dv. (26 a) 

The two Eq. (25) are coupled via the last term of Equation (26 a). The coupling coefficient can be shown 
to be of order exp{ — (1 + A) (5+ — s_ ) / v } . With A ̂  0 and v ^ 1, it follows that this term can be omit-
ted due to our restriction to wall distances s+ — ^ - 1 * . We therefore have 

hi=fF(sr,y,±ju)yl(y)ff(y)e-ydy - A} 0* , ± M) - At (*„ ± ju) 
0 

(26) 

The singular integral equation has solutions only if 
certain conditions are fulfilled. These conditions 
serve to specify the coefficients Ax± . 

The Green's Function 

To give the basis for the iteration procedure, we 
, . .. . finally have to construct the Green's function With respect to the derivation of the conditions 1 , / , . , . , a , , , , 11 -- »1. „:„„„!„> G(s,y,/x\s ,y ,/x ) whidi is defined through the of solubility, as well as the solution of the singular 

integral equation, we refer the reader to the work 5 

which is directly applicable to our present problem. 
From this work we find 

0 
(27) 

with 

and 
2(1+A) (27 a) 

Hx(v) = 
\l + v)(l+X) 

(27 b) 
and 

arg A\ ()') =atn 
2 ( 1 + 2 ) + r l o g 4 r T 1 + v 

(27 c) 

The coefficients A * can be determined from the con-
ditions 

f[,x/H1(ju)]hidju = 0. (28) 

equation 

/1 (dG/ds - S0 (G) = 6 (s - s) ö (y - y) 6{/i- fx) 
(29) 

with the boundary conditions 
G(s = G ( s + . . . | . . . ) = 0 . (29a) 

In terms of Green's function the electron distribu-
tion is given by 

f(s,y,fi) =fh(s,y, fx) 
+ fS1(z\y',f/)Gdzdy'dfx (30) 

where /h designates the zeroth approximation (i. e. 
the solution of Eq. (7) with the r.h.s. put to zero) 

above. 
reduce our task to the more convenient prob-

lem of finding the Green's function G0 for an in-
finite medium we write 

G = G0-G1 (31) 

where G0 satisfies Eq. (29) with the boundary con-
ditions 

G 0 ( ± 0 0 , . . . I . . . ) = 0 . ( 2 9 b ) 

Knowing G0 we can find Gx from the homogeneous 
equation 

3 Gx fx 
3 5 

- 5 0 ( ^ = 0 (32) 

This means that the distribution function at the first wall with the boundary condit ions 
is not affected by details of the angular distribution at 
the second wall and vice versa. Note that we do not 
neglect the coupling via the coefficients A* describing, 
e.g., particle flux and heat conduction from wall to wall. b y the same formalism given above to find / h 

G 1 ( 5 ± , . . . | . . . ) = G 0 ( 5 ± , . . . | . . . ) (32a) 
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To determine G0, we write 

G0 = 2 gi(s,p\s,fi) y>i(y) Wä {y')g{y)e-y (33) 
x 

and 

C 0 = ( / + 0 , . . . | . . . ) - G 0 ( / - 0 , . . . | . . . ) 
= [<5 ( / * - / / (35) 

which follows by integration of Eq. (29) and from 
the completeness relation 

d ( y - y ' ) = Zvx(y)v>x(y')g(y) e~1J (36) 
x 

we get 

= d(ju — ju')fju. (37) 
where we have used the boundary condition (29 b). The solution of Eq. (34) together with (37) again 

gx 

Bi 0i (s,/i) +fbvl<p/(iu)e-V+W («>«') 
o 

- l 
- Bt (5, ju)+f bj-<pvl(fi)e- V + W (s </) 

o 
(34) 

From the jump condition may be taken from 5. 

The result is 

(s,p) (/,//) 

1 1 1 2 ( 1 + 2 ) [ (1 +2) (vx2 - 1) r , 2 ] 

+ 
i 

/ <piv (l")<ptv ( / / ) exp { — ( 1 + 2 ) \s-s'\/v} 

Nx(r) 

for s s' 

dv 

(38) 

With Eq, (31), (32), (33) and (38) the problem of finding Green's function is solved in the most gen-
eral case. It should be noted, however, that simplifications are possible for many applications. Particu-
larly, it is sufficient to take only G0 for the description of the energy relaxation if angular and energy re-
laxation occur on different scales. This approximation leads to the correct contribution of inelastic and 
electron-electron collisions, and can account for the effect of a weak electric field. 

Numerical Evaluation 
We demonstrate here the application of the general procedure outlined above. In this first approach we 

aim to be transparent and instructive, and for these reasons we limit our evaluation to the case = 0. 
Further, we assume Te = T0, qx(v) = q and ()(i>) = 0. 

We return to Eq. (18), which under these assumptions reads (cf. Eqs. 11a, 12, 13 a, 13 b) 
d 

dy 
?/2 + 7 erf(7/1/!) 

2 
Trtyhe-y ,-y \ 

dy J 2 m 
(39) 

with 

and 
y = m v2[2 k T0 

,2 \2 
In A . 

' q m/m0 \kT0 

The parameter y characterizes the energy exchange 
due to electron-electron collisions compared to the 
energy exchange due to electron-neutral interaction. 
If this parameter is zero, Eq. (39) is the Laguerre 
differential equation (see e. g.6) and the eigen-
solutions are Laguerre polynomials of the first kind 
Lnx with the eigenvalues 

(mj2m)Xn = n = Q, 1 , 2 , . . . . (40) 
Neclecting terms of higher order in (nm/m0), 
Eq. (28) yields for the discrete eigenvalues 

These large relaxation lengths demonstrate how in-
(39 a) effective the energy exchange of the electrons with 

the neutrals is. 

(39 b) 

50 100 

vln = 1/1/3 4 = Vmj6 n m . 
Fig. 1. Dependence of the eigenvalues /.n on the relative 

( 4 1 ) electron-electron collision frequency y [cf. Equation (39b)]. 
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— y 
Fig. 2. Energy distribution w(z, y) =const y1!* f f(z, y, fi) A/x for various values of the wall distance s and the relative elec-

tron-electron collision frequency y [a) y=0; b) y = 1 0 ; c) y=100] . The curve M gives the Maxwell distribution. 
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In the case y ± 0 Eq. (39) cannot be solved in 
closed form. We calculated the eigenfunctions 
numerically by utilizing the Ritz procedure. 

Figure 1 demonstrates the variation of the eigen-
value spectrum as a function of the parameter y. 

For the numerical evaluation of the distribution 
function, we need, of course, a specification of the 
boundary conditions. We choose the example of an 
electron beam with a thermal velocity spread 

m y , fit) ^ - D e x p j - ^ ^ ) 2 } (42) 

emitted from an absorbing wall at s _ = 0 into an 
unbounded plasma (s+ = oo). Our figures refer to 
parameter values y = 6.5 and a — 3. 

The evaluations shown in Fig. 2 demonstrate the 
dependence of the distribution function on the in-
fluence of the electron-electron collisions (y) as 
well as the dependence on the distance from the 
emitting wall (5). For the purpose of comparison, 
the curve (M) describes the Maxwellian distribu-
tion. 

The curves clearly exhibit the Maxwellisation with 
increasing distance from the emitting wall and with 
increasing influence of the electron collisions. In the 
figure s = 0 the distinction of the orginal beam from 
the contribution of the scattered particles is most 
pronounced. The beam corresponds to the large 
peak at y = 6.5 whereas the small peak near y = 1 
is due to the scattering process in the plasma. It is 
also reflected in the figures that, due to the de-

fa) A = 1; b) ,4 = 10; c) ,4 = 100]. 

creasing cross section for high particle velocities, 
the Maxwellisation process for large values of the 
energy y is less effective than for small values. 

The influence of the atomic weight A = mjmv on 
the Maxwellisation is demonstrated in Figure 3. 
Here we have shown the distribution function at the 
wall for four values of the mass ratio. The curve d 
describes the distribution of the injected beam. The 
increase in the energy loss with decreasing mass of 
the plasma is quite conspicuous. 

Due to the angular integrations the preceding 
curves do not yield information about the develop-
ment of the angular distribution. Figure 4 aims to 
demonstrate this development. It gives for six 
values of the distance (5) a presentation of the 
distribution function in polar coordinates. For given 
values of the particle energy we have plotted in the 
radial direction the value of the distribution func-
tion. The heavy line indicates the direction of the 
original beam. A comparison of Fig. 2 shows how 
the angular relaxation process occurs much faster 
than the Maxwellisation. 

Summary 

We describe a method to simultaneously cal-
culate the angular- and energy relaxations of elec-
trons emitted from a wall into the plasma. A suitable 
subdivision of the collision term transforms the 
problem into two parts: The solution of a zero 
order eigenvalue problem and an iteration procedure 
accounting for the rest of the collision term. Al-
ready the zeroth order solution is suitable to give a 
reasonable approximation for elastic collisions with 
neutrals and electrons and for the particle loss due 
to inelastic collisions. 

The zeroth order problem is essentially reduced 
to an eigenvalue problem of the Sturm type. The 
coefficients of the eigenfunction expansion can be 
calculated from known techniques of singular inte-
gral equations. To prepare the iteration procedure 
we constructed the Green's function of the zeroth 
order equation. 

For an instructive case we evaluated the formal-
ism. The results describe in all detail quantitatively 
the complicated interplay of the angular- and energy 
relaxation in general agreement with physical ex-
pectations. We plan to further apply this method in 
cases where — due to inelastic collisions — the 



Fig. 4. Angular relaxation of the distribution function for y=0 in polar coordinates r (0) = / ( s , y, cos 0) . The curves a, b, c, 
d, e refer to energies y=l, 4, 5, 7 and 10 respectively. 
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angular and the energy relaxation occur on the same 
scale. Also it is possible to account for additional 
terms the kinetic equation (particularly an electric 
field) via the Green's function. 
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